'CIS121-204-Fall 2007 |
Lab 3 Solution
Tuesday, September 25

1 Mathematical Induction

1.1 Exercises

1. Show that X" 2i —1=1+4+3+---+(2n—1) =n’foralln > 1.
Base case (n = 1): > 2i —1=>_,2i —1=2—1=1, which s true.
Inductive step: Assuming that 3"*_, 2i — 1 = k2, show that 3" 2i — 1 = (k+1)2. Since
SkH2i —1=3% 2i —14 2k + 1) = 1), by the inductive hypothesis, we have

k+1
d2i-1 = FP42k+1)—1
i=1

= K +2k+2-1
= K +2k+1
(k + 1)?
as required. Hence, we have proven that ) /_,2i — 1 = n?foralln > 1. U

2. Show that >7_, (i))(@!) = (n+ 1)! — 1 foralln > 1.
Basecase(n = 1): X, ()(i) =), ()@ =11 =Tland (1+1)!=1=21—1= L.
Inductive step: Assuming that Zf.‘:l (@)(@!) = (k + 1)! — 1, show that Zf:ll @G =
(k +2)! — 1. Since S ()G = 35, ()G + (k + 1)k + 1)!, by the inductive
hypothesis, we have

k+1

DG = k+ D=1+ (k+ Dk +1D)!
i=1

= DI+ K+1)—1
(k+2)(k +1)! — 1
(k+2)! — 1

as required. Hence, we have proven that >7_, (i)(i!) = (n + 1)! — 1 foralln > 1. U

3. Show thatn! > 2"~! foralln > 3.
Base case (n = 3): 3! = 6 and 23! = 22 = 4. Hence, 6 > 4, and the base case is proven.
Inductive step: Assuming that k! > 25~ show that (k + 1)! > 2K. Since (k + 1)! =
(k + 1)k!, by the inductive hypothesis, we have

(k + 1)2¢!
2.2kl (because k + 1 > 2 forall £ > 3)
— 0k

(k+ 1! >
>
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as required. Hence, we have proven that n! > 2"~! for all n > 3. U

4. Show that (1 —5) (1= 1) (1—§) ... (1 = 5¢) =  + 37 foralln > 1.

Base case (n = 1): (1 — %) = % and % + 2% = % Hence, % > %, and the base case is proven.

Inductive step: Assuming that (1 —3) (1 —3) (1—%)... (1 - Zik) > 1+ 307> show that
1

(=9 (= (1 =§) (1= ) 2 § + o Since
( 1

(=D =D0=5 (=) =0=D =D =5 (1=5) (1~ 5):

by the inductive hypothesis, we have
1 1 | 1 1
gt ') @

(-3)(-9) (=5) (- )

v
=/

1 1 1
= T T g T e )
1 3 1
= 3T ik T mm )
1 3 1
= 3Ty ke T )
ST
- 4 2%k+2 \ 2 2k
T
- 4 2k+2 \ 2 2k
1 1 3 1 7
= Z’LW(E 5) @
1 1
= it ®)

as required. In Equation (6), we used the fact that k > 1, so 2k=1 > 1. Hence, we have

proven that (1 — %) (1 — 4]'1) (1 — %)(1 — 2]—,1) > }1—|—2n]ﬁforalln > 1. O
5. Show that n? + n is divisible by 2 for all n > 1.

Base case (n = 1): 12 4+ 1 = 2, which is divisible by 2.

Inductive step: Assuming that k> + k is divisible by 2, show that (k + 1)> + (k + 1) is

divisible by 2. Now,

K +2k+14+k+1
K>+ k+2k+2

k+1D2+Gk+1)

By the inductive hypothesis, k> + k is divisible by 2, and 2k + 2 is obviously divisible by 2.
Hence, the sum of the two terms, k2 + k + 2k + 2, is divisible by 2. Hence, we have proven
that n% + n is divisible by 2 foralln > 1. ]
Note that n?> + n = n(n + 1), the product of two consecutive integers. Therefore, one of
them must be even, and the product must be divisible by 2. In this case, we need not prove
by induction.
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6. Show that 22" — 1 is divisible by 3 foralln > 1.
Base case (n = 1): 22 — 1 = 4 — | = 3, which is divisible by 3.
Inductive step: Assuming that 22 — 1 is divisible by 3, show that 22*+1) — 1 is divisible

by 3. Now,
22(k+1) _1 — 422/( _1
= 4.22k_443
= 4(2%-1)+3

By the inductive hypothesis, 2% — 1 is divisible by 3, so 4 (22 — 1) is divisible by 3. Obvi-
ously, 3 is divisible by 3, and therefore the sum of the two terms, 4 (2%¥ — 1) + 3, is divisible
by 3. Hence, we have proven that 22" — 1 is divisible by 3 for all n > 1. U

1.2 What Went Wrong?

Show that all horses in the world have the same color.

Base case: If there is only one horse in the world, it is obvious that one horse has the same
color.

Inductive step: Assume that k horses have the same color. We will show that k 4+ 1 horses
have the same color. Given k + 1 horses, we remove one of them. Hence, there are k remaining
horses, and by the inductive hypothesis, all of them have the same color. Now we remove another
horse and replace the first one; there are still k horses, so they all have the same color. Repeat this
process k + 1 times until every horse is picked. It follows that since every horse has the same color
as every other horse, all the k + 1 horses have the same color.

Hence, we have just proven that all horses in the world have the same color. [

So what went wrong here? Consider when there are two horses; we are in the inductive case.
We remove one of the two horses. Hence, there is 1 remaining horse, and it has a color. Now we
put that horse back and remove the other horse. There is still 1 horse, but we cannot conclude this
horse has the same color as the other one. Hence, the inductive step fails at n = 2, i.e., it is true
for all n > 3. In order to prove the statement, we need to have n = 2 as the base case. But now
we can go to a barn and pick two horses with different colors to disprove the base case. Therefore,
our argument fails completely. U

2 Big-O Notation

2.1 Exercises

1. Show that n? 4+ 4n + 3 is O(n?).
Even though we can easily prove this using the Big-O theorems stated in class, here we are
going to use the definition of Big-O.

We want to find a positive real constant ¢ and a natural number N such that foralln > N,
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n? + 4n + 3 < cn>. Now observe that

n>+4n+3nforalln > 1
n? + 7n for all n > 1

n? + 7n? for all n > 1
8n’ foralln > 1

n-n2:n3f0ralln28

n?+4n+3

A I IA

IA

Hence, by letting ¢ = 1 and N = 8, we have proven that n% + 4n + 3 is O (n?). 0
Note that there are many other solutions; this is just one of them.

2. Show that n is not O (logn).
Prove by contradiction. Assume that n is O(logn). Then there exist ¢ and N such that
n < clogn for all n > N. Now, consider two cases:

(a) ¢ < 4: Then choose n = max(16, N) + 1. Hence, n < clogn < 4logn, which means
n < 4logn, which is obviously false for all n > 16.

(b) ¢ > 4: Then choose n = max(c?, 16, N) + 1. Since ¢ > 2log ¢ for all ¢ > 4, we have

? > 2 logce

= clogc2

for all ¢ > 4, ie., ¢* > 16. But we assume that for any n > N, we must have

n < clogn. Hence, for n = max(c?, 16, N) + 1 we derive a contradiction.

In any case, for any given ¢ > 0 and N, we can find n such that n > clogn. Therefore, n is
not O (logn). 0J

Prove or disprove the following:

3. If 0 < f(n) < g(n) for all n > 1000, then f(n) + g(n) is O(g(n)).
Since f(n) < g(n) for all n > 1000, then f(n) + g(n) < g(n) + g(n) = 2g(n) for all
n > 1000. By the definition of Big-O, it follows immediately that f(n) 4+ g(n) is O(g(n))
(where ¢ =2 and N = 1001). ]

4. If0 < f(n) < g(n) for all n > 100, then n” f (n) + g(n) is O (n>g(n)).
Since f(n) < g(n) for all n > 100,

n’fn)+g(n) < n’gn)+gn)
< n®g(n) + ng(n) (because n > 100)
= 2n°g(n)

for all n > 100. By the definition of Big-O, it follows directly that n” f(n) + g(n) is
O (n*g(n)) (where c =2 and N = 101). O
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5. If f(n), g(n) > 0forall n and f(n) is O(g(n)), then 2/ is 0 (28™).
If f(n) is O(g(n)), then there exist ¢ and N such that for all n > N, f(n) < cg(n).
We want to prove that there exist ¢/ and N’ such that for all n > N’, 2/ < /28,
Now, 2/ < 2¢¢(_ Now if ¢ > 1, we obviously cannot continue to the conclusion that
25 < 28 For example, let f(n) = 2n and g(n) = n. Then f(n) is O(g(n)) (N = 1,
c = 2), but 2 — 22n — 4" ig not O (2"). Hence, we have found a counterexample, and
therefore the statement is false. [

6. If f(n), g(n) > O for all n and log f(n) is O (log g(n)), then f(n) is O(g(n)).
This statement is false, using a similar reasoning as in Exercise 5. Consider a counterexample
where f(n) = n” and g(n) = n. Then log f(n) = logn? = 2logn is obviously O (logn).[]
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